Dynamical r-matrices for Hitchin's systems on Schottky curves 



B. Enriquez 

Abstract. We express Hitchin's systems on curves in Schottky parametrization, 
and construct dynamical r-matrices attached to them. 



Introduction. 

This paper is devoted to tlie study of Hitcliin's integrable systems. Tliese systems 
are defined on tlie cotangent space to tlie moduli space of holomorphic G-bundles on 
0^ I a Riemann surface. One source of the recent interest in these systems is that they can 
be viewed as a classical limit of the P-modules proposed by Beilinson and Drinfeld 
in their approach to the geometric Langlands correspondence ([BD]). 

A classical approach to integrable systems is the r-matrix approach; this view- 
point usually leads to their quantization. In a previous work ([ER]), we constructed 
such r-matrices in the case of Hitchin systems in genus one. These r-matrices are 
dynamical; it means that they depend on a (Poisson commutative) set of phase space 
>■ ' variables. Due to this dependence, they satisfy a dynamical generalization of the 
classical Yang-Baxter equation (DYBE). In his work [F], G. Felder derived the same 



0^ 

in 



O . r-matrices from considerations related to the Knizhnik-Zamolodchikov-Bernard equa- 
^ ! tion. Moreover, he constructed a quantum version of the generalized Yang-Baxter 

I equation and quantum groups attached to them. 
^ I In this paper, we formulate Hitchin's integrable systems on a higher genus Rie- 

mann surface, uniformized a la Schottky, and point out a connection with the Garnier 
a ■ systems in the case of Mumford curves. (Such a formulation can also be found in [O].) 

We then derive a dynamical r-matrix for these systems. This gives an alternative 
^ I proof of their integrability. We also show that they satisfy an analogue of the DYBE, 
■ seems difficult to formulate correctly a quantum counterpart of this equation. 

^ • Let us also note here that an adelic analogue of the r-matrix presented here has 

^ been found by G. Felder in [Fe]. It would be interesting to relate both constructions. 

We also hope that the version presented here of the DYBE may help to understand 
the correct "higher genus" version of the formalism of P. Etingof and A. Varchenko 
([EV]). 

We express our thanks to J. Harnad, Y. Kosmann-Schwarzbach, V. Rubtsov and 
A. Reyman, with whom we had discussions related to the subject of this work, and 
to the former for telling us about the work of Garnier. 
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1. Hitchin's systems with level structures. 

Wc recall this notion from [Be], [Ma]. Let X be a compact complex curve, 
D = ^J-Pi] a divisor on X (all points Pi are assumed different). Let G be a complex 
reductive group, g be its Lie algebra. Let M.g,d{X) the moduli space of pairs {P,ji) 
of a principal G-bundle over X and of trivialisations of P above each point Pi . Then 
the cotangent space to M-cniX) at {P,ji) is identified with H^{X,gp (8) Q^{—D)), 
where gp = P Xg S is being viewed as the adjoint representation of G), and 
being the canonical bundle of X . We have a natural mapping ([Hi]) T*AiG,D{X) — > 
®i=iH^{X, n^(— D)®'^*), r being the rank of G and di the exponents of G {di — degPj, 
for {Pi)i<i<r a basis of the invariant polynomials on g), obtained by applying Pj on 
H°{X,gp^n^{-D)). Functions on T*A1g,d(^) obtained from this mapping are m 
involution, T*A4g,d{X) being endowed with its natural symplectic structure. 

2. Schottky uniformisation. 

Let / > 1 be an integer, and let on CP^, Fj and F^ (i = 1, •••,/) be 21 circles, 
bounding 21 disjoint open discs Di and D'^. Let us give ourselves I elements ji of 
SL{2, C) mapping Fj to F^ and let X be the Riemann surface 

X = CPI - IJ A U D'Jixi ~ 7i(xi), Xi e Ti). 

An open subset of the moduli space A4g{X) of principal G-bundles over X can 
be identified with G''/G (where G acts on each factor of by the adjoint action), by 
associating to the class of {gi)i<i<i the class of the bundle P(g^) = [CP^ — Ui=i U 
D'i\ X G/{{xi, g) ~ {,li{xi), gig), Xi eVi^geG). 

Assume for simplicity, that oo belongs to CP^ — IJ!=i U -D^- Then an open 
subset of A4.G,[oo]{X.) can be identified with G^: adjoin to the bundle defined above, 
the identity mapping from the fibre at oo to G. 

Let us identify now the cotangent bundle to G with G x g* via left invariant 
one-forms, and accordingly T*G^ with G^ x g*^ Elements of H^{X, gp n^(— [oo])) 
are given by twisted holomorphic one- forms, with poles at oo, that is by one- forms 
over CP^ — A (A is the limit set of the free group F generated by the 7i) u>{z)dz, 
such that 

(1) u!{'jz)y{z)dz = Ad{g^)u>{z)dz, 

for all 7 e F and with only poles at Foo. Recall the definition of the multiplier 
of an hyperbolic element 7 of SL{2, C): the transformation defined by 7 verifies 

l^fJ^Zt^ = Q-yji^j for certain and in CP^ and e C^, \q^\ < 1. We have: 
Lemma 1. — Over the open subset of G' defined by 

I 

J2q,mdg,\\ + \\^d9i'\\)<h 
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fll II an algebra norm in End g), the twisted holomorphic one- form corresponding to 
{gii ii) e X g*' is given by the Poincare series (cf. also [B]) 

(2) a9i,^i)iz)dz= Yl , l'i^)dz. 

Proof. Let us prove the convergence of (2) under the present hypothesis (see also 
[Bu], [Fo]). Let 7 = 7^^■■7i;, h = ei, = ±1. The norm of Y{z) is then 

bounded by Cqi^...qi^ (C a fixed constant). On the other hand, the norm of Ad{g-y)^i 
is estimated by 

||Ad(^-)||...||Ad(^g)||||6||; 
it foUows that the contribution to (2) of elements of F, of length equal to p, is bounded 

by 

I I 
c(j]g.(||Ad^,|| + ||Ad^-^||))'(J]||ei||); 

and the sum of all these terms is bounded by 

(1 - j;5,(||Ad^,|| + \\Adg-'\\))-\Yl 
i=i i=i 

We prove similarly that the sum (2) is an analytic function of z. 

Let (Xi)i<j<; be / elements of the Lie algebra of G, and let us view them as 
infinitesimal left-invariant translations. The pairing between (^j) and (Xi) is simply 
given by ((^i), (Xi)) = Yl^^iiCi^ Xi). On the other hand, the pairing between ^{z)dz 
and (Xi) is given by Yl\=i Ir ^i^)^^)- R-ecall that the poles of the one-form 
^^^^ — y are located at 'y~^{oo) and 7~"'^7~^(cxd). The only possibility for them 

to be on two different sides of F^ is 7 = e. The contribution of the corresponding 
term is, by the residues formula, (^j, Xi). ■ 

For the rest of the paper, we will work in the open subset defined in prop. 1. 
Remarks. 

1) The present formalism can be adapted to the situation of Mumford curves, 
where the q^^ are considered as formal variables. The base ring is then R = C[[qj-^^ , • • • , 
q-yi^]]. If the g^^ belong to G{R), and the to g ® R, the series (2) converges 
without restrictions; it then has to be interpreted as a formal series of the type 

<i</,n>i (z-a'".)" (z-b^.)^ ' in g (g) i? and with valuation > n, sub- 

ject to the conditions Yl\=i O'jiOa,! + ^7iA,i = of regularity at 00. Note that Lax 
operators of this type (with bounded orders of poles) already appeared in the work 
of Garnier [Ga]. 

2) We cannot use = .-(^,^f-i(oo) " z-Aioo) ^^group terms in (2) 
and obtain for expression of the series (2), J2-yer ^^9j^iYl\=i ^^d^yM ~ Ci) (00) ' 
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since the last expression does not converge; but we can deduce from it the variation 
of (2) under replacement of oo by a point zq close to it. The proper replacement of 

(2) is then E7gr,i<»</^d(^7')^^( ^(.)-ff(.o) ~ ^TT^Ffc)"^^' "^^^^^ derivative w.r.t. 

^0 is E7er AdfifiHELi {^^g^Ai - Ci))^3:pTg^- In particular, this variation is 

zero under the condition Yl\=ii-^'^9fi^i ~ ^i) — which is also the condition for (2) 
to be regular at oo (and also the condition that the image of {gi,^i) by the moment 
map associated to the adjoint action of G on G' is zero). 



3. Dynamical r-matrices. 

Consider the "r-matrices" 

(3) 



\z,w)az — y —— 'f izjaz, s{z,w)aw — > — -'f [wjaw 



—r{w, z^'^^^dw, 



where P is the split Casimir element of g(S>g (differential elements dz and dw will be 
considered to commute together). The proof of convergence of analyticity of these 
series is similar to that of the series (2). 
We wish to prove: 

Proposition. — The Poisson brackets of operators ^ are given by 
(4) 

{e(^7^,^^)(^)^'^^^^,e(^7^,e^)(«')^'^^^«'} = [r(^,«')rf^,e(^?^,?.)(«^)^')H 

+ [s{z,w)dw,^{gi,^i){z)^^Uz]. 

For this we first compare the transformation properties of both sides of (4), 
under the action of 7^ on z. Call the l.h.s. and r.h.s. of (4) respectively A{z, w)dzdw 
and B{z, w)dzdw, and set C{z, w)dzdw = A{z, w)dzdw — B{z, w)dzdw. We have: 

Lemma 2. — C{z,w)dzdw satisGes 

(5) C{'yz, w)Y{z)dzdw = Adg^'^C{z, w)dzdw, 



(6) C{z, jw)Y{w)dzdw — Adg^^C{z, w)dzdw, 

(7) C{w, z)dzdw = -C{z, w)^^^Uzdw; 
moreover, C{z, w)dzdw has no poles on {CP^ — A)^. 
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Proof. We have 



A{'^iZ,w)^[{z)dzdw = Adg^^^ A{z, w)dzdw 

+ [{gi'\aw)^'^dw}g-'^'\Adgl'k{z)^'^dz], 

and since 

r{jiZ, w)Y^{z)dz = Adg^^\{z, w)dz, s{'^iZ, w)dw —Adgl^\s{z, w)dw 

^ Adgif]}yPY{w)dw 
^ 7H-7»"^(oo) 

(the second identity is obtained using d^j ln{j i'y{w) — ■yi{z)) — dwln{'y{w) — z) = 
dw ln(7(w) — 7~^(cxd))), we obtain 

B{'yiZ, w)^[{z)dzdw =Adg^^ B{z^ w)dzdw 

+ [E . ^^^^-Zf. y{w)dw,Adgl'k{z)^'^dz]. 

We then compute {g^^\C{'w)^'^'^dw}g- and find using {gi^\Cj^^} = ^ijOi^^P that 

Adg'^-* P 

it is equal to X]7er ^^^^^ ^^-'^(oo) ^^^^-^'^^" '^^^^ proves (5). (7) is clear, and together 
with (5) it implies (6). 

Let us turn to the statement about poles. Let us fix ^ Foo. Then A{z, w)dzdw 
has poles when z G Too. We have for z near cxd, $,{z)dz — ^j=i(Ad(7j^j— ^j)^^+reg., 
Zoo = 1/2; is a local coordinate near 00. Then we have 



i=l 

SO that A(z,w)dzdw = —[P,^(wY'^'>dw]^^+Teg. The expansion of the first part of 

B{z,w)dzdw is the same since r{z,w)dz — — P^^+reg. near z = 00. The second 
part of B{z, w)dzdw is regular since ^{z)dz has a pole of order one, whereas s{z, w)dw 
tends to zero as z ^ 00. So C{z, w)dzdw has no poles for z 00; it has no poles 
either for w — > cxd because of (7), and these are all the poles of A{z,w)dzdw. The 
poles of B{z,w)dzdw are the same, with the possible addition of 2; e Tw. Because 
of (5), we can restrict ourselves to the study of the pole at 2; = tu; but this pole does 
not occur because of the ^r-invariance of P. ■ 
We now show: 

Lemma 3. — C{z, w)dzdw = 0, so that (4) is valid. 
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Proof. Due to our assumptions on (t/j), we know that any twisted (by (gi)) holomor- 
phic one- form on X, with possible pole at [oo] can be written in the form of a Poincare 
series (since these series converge, and the dimension of the vector space they form is 
equal to the dimension of H^{X, P(gi) xq g{—[oo])) as it can be computed using the 
Riemann-Roch formula). It follows that there exist elements of g (8) g, such that 

CMdzdu, = £i<,,<,,...r .(^ff".;^) Adgy'Ad^^'a,. CM. be 

computed by 

Cij — / C{z,w)dzdw. 

Now, we have Jr.xr,- ^{.z,w)dzdw = {Ci^^Cj^''} = 

/ B{z,w)dzdw = / [r{z,w)dz,^{gi,^i){w)^'^^dw] + 

[s{z, w)dw, i{gi, ^i){z)^^^ dz], 



iori^j. In Jp^p [r(2, ^(gfj, ^i)(w)*^^^(iw], we integrate first w.r.t. 2; expanding 
r{z, w)dz according to (3), we have to integrate the one- form dz ln(7(2) — w); it has 
poles at j~^{w) and 7"^ (00); w being on Fj, these two points are always on one and 
the same side of Fj, so that this term does not contribute to the integral. Exchanging 
the roles of z and w, we find that Jj. [s{z, w)dw, ^{gi, ^i){z)^^^ dz] is also equal to 
zero. Finally, = for z 7^ j. 

For i = j, we consider a deformation F? of F^, encircling F^ and within the 
domain CP^ — Ui=i U ^i- We have still, Ca = /p.^pe C{z,w)dzdw, and 



A{z,w)dzdw= 



Now, 

/ B{z,w)dzdw = / [r{z,w)dz,^{gi,^i){w)^^^dw] 

(8) ' ^ : ^ 

+ / [s{^z,w)dw,i{gi,ii\z)^^'^dz\. 

JViXV\ 

Repeating the reasoning above, and due to the relative configurations of Fj and F|, 
the first term of the r.h.s. of (8) is again zero. For the second term, we have 

\s{z,w)dw,i{gU^){zi^^dz\ = J2[ [^^^,l\w)dw,C{zy'^dz] 
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and the only non zero contribution is from the term with 7 = 1; it gives 



dz[[ 



Pdw 



,e(^)«]= / d^[p,e(^)W] = [p,ef^] 



I'e Z — W 



So Cii = 0. ■ 



Remarks. 



1. It is interesting to give a purely algebraic meaning to the r-matrices of (3). 



Setting p^, = E^er "^-''-^iLl 7^^^)^^ ^ S^H^iX, n^^gp{-[oo])) and defining 



Pj, for 7 G r by the cocycle condition p^y = Adg^'p^ + py, we have constructed 
a 1-cocycle p e H\X,gp ® H^{X,n^ O gp{-[oo]))) = H\X,gp) ® H^{X,n^ O 
gp(— [00])). (By Serre duality we have a natural element in H^{X, gp)^H^{X, Q^<Si 
gp) but p seems a little diff'erent.) 

p then serves to define an afiine spaces bundle over the vector bundle H^{X, ® 
gp( — [00])) (g) gp over X, and also over the bundle with fiber at x e X, H^{X, 0,^ ^ 
gp(— [00] — [x])) (X) gp; r can then be viewed as a section of the twist of this last 
bundle. Probably, there is a natural twist of {0,^ (8) gp) M gp(— [00]) over X x X, for 
which r could be considered as a section. 

2. The result of [BV] states the local existence of an r-matrix for general inte- 
grable systems; but it is easy to see that the r-matrices constructed in the situation 
of Hitchin system, using the methods of this work, would depend on (^i) (and in fact 
not be defined for = 0). 

4. Jacobi identity 

Writing that (4) satisfies the Jacobi identity, we find the dynamical Yang-Baxter 
equation: 



where P = e*^ ® Ca, d^(i) is the vector field on G , given by the left translation by 
a; e ^ on the z-th factor and zero on the other factors. 
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